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We study the entanglement feature of the ground state of a system composed of spin 1 and 1/2 
parts. The concurrence vector is shown to be consistent with the measurement of von Neumann en- 
tropy for such system. In the light of the ground state degeneracy, we suggest a average concurrence 
to measure the entanglement of Hilbert subspace. The entanglement property of both a general 
superposition as well as the mixture of the degenerated ground states are discussed by means of 
average concurrence and the negativity respectively. 
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I. INTRODUCTION 

Entanglement is a fundamental concept in the the- 
ory of quantum information, and the essential resource 
for modern applications of quantum mechanics. In re- 
cent years, much attention have been paid to the study 
of the entanglement of quantum systems either qualita- 
tively or quantitatively. Entanglement possess some re- 
semblance to classical correlation, but it differs in some 
key aspects, e^., the entangled objects can violate Bell's 
inequality [l|, Q, 13 . An useful measure of entanglement 
for bipartite systems is the entanglement of formation. 
For a pure state | ipAB ) , the entanglement of formation 
is given by the entropy of the marginal density operator 
PA and pb for system A and B. In 1997, Wootters and 
Hill introduced a new quantity called concurrence that 
measures the entanglement of system of qubitsj^ 
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Later, Woofers showed that the entanglement of for- 
mation of an arbitrary two-qubit mixed state pab can 
be written in terms of the minimum average pure-state 
concurrence and he derived an explicit expression for 
this minimum average pure-state concurrence. He called 
this minimum the concurrence of the mixed stateQ. 
After their work, many authors tried to extend this 
strategy!^ 01 . For example, Rungta et al made an at- 
tempt to generalize the notion of concurrence to pure 
bipartite states in arbitrary dimension by introducing 
operation of universal inverter, which acts on quantum 
system of arbitrary dimensionjg. They got one new ex- 
tension of concurrence as C^(^) = 2i/£)ji/£)2 [1 — tr{p\)]. 
Let vd-^ = — 1; the concurrence arranges from to 
^2{D - 1)1 D, where D = min{Di,D2}. The so-called 
I concurrence measures the entanglement of a pure state 
in terms of the purity, tr{p\) = tr{p\), of the marginal 
density operators. Lozinski et o/|l] studied the entangle- 
ment oi2y. K quantum system, they derived a analytical 
expression for the low bound of the concurrence of mixed 
quantum states of composite 2 x if system. Recently we 
proposed a convenient generalization, concurrence vector 
to measure systems with higher symmetry. 

It is known that the spin model is an important model 
in condensed matter physics and statistical mechanics. 



Very recently are there substantial discussions on the en- 
tanglement of quantum spin system in equilibrium states. 
Particularly, both the entanglement of a ground state and 
that of a thermal state of spin-^ pair with Heisenberg- 
type coupling have been investigated. Some authors 
studied the thermal entanglement of qubit pairs in the 
presence of a magnetic field and found some interest- 
ing results 0, 0|. O'Connor and Wootters considered 
the entangled chain with translational invariance and 
studied how large one can make the nearest neighbor en- 
tanglement. The pair entanglement and quantum phase 
transitions for XXZ model [l^l and the local entangle- 
ment and quantum phase transition for extended Hub- 
bard model ,13.] were studied in detail. 

All the mentioned investigations will undoubtedly set 
up a bridge connecting the quantum information theory 
and condensed matter physics. However, the entangle- 
ment properties of the ground state of a physical model 
has not been well defined. Particularly, the ground state 
maybe degenerated, which request us to measure the en- 
tanglement of a Hilbert subspace. In present paper, we 
study the entanglement feature of the ground state for 
the systems composed of spin- 1/2 and spin-1 parts. In 
Sec. m we show that the concurrence vector is a reli- 
able measurement of entanglement for spin-1 and spin- 
1/2 system. In Sec. IIIII we propose a concept, average 
concurrence to measure the entanglement of Hilbert sub- 
space. On the basis of this concept, we discuss the entan- 
glement property of that system in Sec. lIVI for the general 
superposition of the degenerate ground states. In Sec.lVI 
the general mixture of the degenerate ground states are 
discussed in terms of Negativity . A brief summary 
with discussion is given in the last section. 



II. CONCURRENCE VECTOR AND ITS 
RELIABILITY 

We recently extended the concurrence originally pro- 
posed by Hill and Wootters to a concurrence vector [lj| 

where A+ denotes the set of positive roots of Aj^^i Lie 
algebra. The above concurrence vector can be used to 



2 



measure the entanglement of high-dimensional systems. 

For a pair of qubit and qutrit which can be regarded 
as spin-1/2 and spin-1, the concurrence vector is a three 
dimensional vector given by 

C = {(V| I^A*) |aeA+} (1) 

where a± = (a^ ± iay)/2, and for A2 contains three 
positive roots. Thus the concurrence vector here is of 
three dimension. 

In order to show the reliability of concurrence vector, 
we consider the von Neumann entropy of the system con- 
sisting of spin-1/2 and spin-1 parts. As we known, any 
state of bipartite system can be expanded as 



(2) 



where a^j,j is complex coefficients, and in our present case, 
= 1, 2 and j = 1,2,3. The reduced density matrix pA 
and pB can be easily obtained. 
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It is a 2 X 2 matrix, thus there are two eigenvalues k\ and 
k|, that are squares of the coefficients of Schmidt decom- 
position = ki\xi)a\vi)b + ii2\x2)A\y2)B- Here the k\ 
and the roots of the following secular equation 

A^-A-f |C|V4-0, (3) 

where |C| is precisely the norm of concurrence vector 
we proposed, namely, |Cp = Cl + C^ + Cl = 4(aiia22 — 
ai2a2i)^ + 4(ai2a23-ai3a22)^ + 4(aiia23 -013021)^. From 
Ea. ((T?))l . we obtain 
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(5) 
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So the von Neumann entropy is given by 

£;A,(|V)) = M(i-yr~|cF)/2), 

where 

h(x) — —X log2 X — {1 — x) log2(l — x). 

On the other hand, one obtain ps by tracing out the 
degree of freedom of part A, i.e., 

Pb = a^a. (6) 

This is a 3 X 3 matrix whose eigenvalues are denoted by 
Atf , k|, K3 are roots of the algebraic equation 

ICP 



- + -^^A - det(pB) = 0. 



(7) 



The reduced density matrix pB is of rank 2, i.e., det ps = 
0, then there are only two non-zero eigenvalues. The von 
Neumann entropy takes the same form as in Eq. jSJ . Just 
like the case of WoottersfTlj. the von Newmann entropy 
here is aslo a monotonous function of the norm of concur- 
rence vectors: |Cp. Therefore, the concurrence vector is 
a reliable measurement of entanglement of the states of 
qubit-qutrit system. 



III. AVERAGE CONCURRENCE OF A 
HILBERT SUBSPACE 

As is known that the ground state of physical systems 
is degenerate frequently. We need a definition of the en- 
tanglement for Hilbert subspace to evaluate the entan- 
glement of the degenerate ground state. With the help 
of the concurrence vector applicable to measure the en- 
tanglement of individual state, we suggest to use average 
concurrence. Since a general state in a Hilbert subspace 
can be expanded in terms of its bases, the magnitude 
of concurrence vector depends on the coefficients in the 
state expansion. The normalization condition gives a re- 
striction on the coefficients so that the parameter space 
of the Hilbert subspace manifests a compact hyper sur- 
face. It is therefore natural to define average concurrence 
by the following ratio. 



C — 



J dp{pi,P2, ...)|C(pi,p2, ■■■)| 

J dp{pi,p2,...) 



(8) 



Here dp{pi,p2, ■■■) refers to the Haar measure with re- 
spect to the parametrization pi,p2, which is invariant 
under unitary operations. For doubly degenerate case, 
a general state can be described by a superposition of 
two states | ipi ) and | '02 ) , the parameter space is a 
three dimensional sphere S^. The evaluation of aver- 
age concurrence becomes a calculation of the integrals in 
Eq. © . We will apply the average concurrence to discuss 
the ground state of a concrete model in next section. 



IV. THE GROUND STATE SUPERPOSITIONS 

We consider a system of spin 1 and 1 /2 with anisotropic 
Heisenberg coupling in an uniform magnetic field, 

H = ^((T, ■S, + aySy + A(7, • S,) + B{^a, + S,) (9) 

where cr's refer to the Pauli matrices for spin-1/2 and 
S"s denote the spin operators for spin-1; J stands for 
their coupling strength, and A represents the anisotropy 
of the coupling. Throughout this paper, the spin-1/2 
states are denoted by |t ) and || ), while the spin-1 states 
are denoted by Iff), | 0), and |JJ.). In terms of the spin-1 
matrices {H is put to unit in this paper), the Hamiltonian 
@ is written out in matrix form: 
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which solves six eigenvalues and six eigenstates. Among 
them, the state Hfl-) with eigenenergy |i3 -f 5AJ and 
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another one ||-|J-) with eigenenergy — f-B + 5AJ are ob- 
viously non-entangled. The other four states, whose 
Schmidt numbers are 2, are clearly entangled. For sim- 
plicity, we put J to unit from now on. 



A. In the absence of magnetic field 

When B — 0, the diagonalization of the Hamiltonian 
gives rise to three distinct eigenvalues: ^A, j{—A — 
V8 + A2), and ^-A V8 + A^), of which each energy 
level is doubly degenerate. The ground state energy has 
a critical point Ac = — 1. 

When A < — 1, the ground state with energy ^A is 
doubly degenerate and a general ground state (not re- 
stricted to be eigenstate) is given by a superposition of 
those two states: 



^fm) =a\ii^)+b\n), 



(10) 



where the coefficients fulfil 



+ = 1. The norm of 
concurrence vector of this state is 2\ab\. 

When A > — 1, the ground states are doubly degener- 
ated whose energy reads 

i(-A- V8 + A^). 

A general state in this two-dimensional Hilbcrt subspace 
is given by 



with 



'i'Ap) = ciV'i) +d\ij2) 
: 1, where 

A + VA2 + 8 



(11) 
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and 



,A± V8 + A^ 
2V2 



The norm of concurrence vector for this ground state is 

, _ I 2(4c4 + + c^d^A + A^ + A^/8TA^)) ,1/2 

(12) 

The point A = —1 is a special point in the absence 
of magnetic field because the ground state is 4-fold de- 
generated then. The general state at that point reads 



*c) =a|i^)+MT^>+c|0i)+d|02), (13) 



where 
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ITO). 



(14) 
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FIG. 1: The average concurrence for B — 0. 



The norm of its concurrence vector is given by 



\C{a,b,c,d)\ = \Aa'^b'^ + -{b^c^ + a^d^ + abed) 
3 

16 ,/ . ,x 4 2 ,2 1 1/2 
cd{ac-bd) + -zc^d^l ' . 
9 



and the normalization condition requires |ap-t-|6p-|-|cp-|- 
|dp = 1. This reveals that the parameter space is a 7- 
dimensional sphere 5^. The average concurrence can be 
calculated by means of Monte Carlo method. As the 
result, the average concurrence versus A is plotted in 
Fig. n Obviously, the average concurrence is discontinu- 
ous (suddenly drops to 0.62) at the phase transition point 
A = — 1 and it reaches a local maximum value 0.76 at 
A = 0.1, and approaches to 0.785 when A 00. 



B. In the presence of magnetic field 

It is known that the application of an external field 
will break down the symmetry of the model, which 
brings about splitting of degenerate energy levels. Con- 
sequently, the entanglement of the system will change. 
The application of an external magnetic field along z di- 
rection makes the concurrence varies as a function of the 
anisotropic parameter A and external field B. 

When A < — 1, the ground state is Ittl") with energy 
A/2-1- 3-B/2 for diamagnetic response B < 0, For para- 
magnetic response B > 0, it is ||JJ-) whose energy is 
A/2 — 3B/2. Obviously the state in both cases are not 
entangled. However, for B = 0, the ground state is dou- 
bly degenerate. 



ci \n) + c2 



(15) 



of which the norm of concurrence vector is 2|ciC2|. Then 
the average concurrence is calculated to be 0.785. Mean- 
while we find that the concurrence has one singular 
point along the S-parameter in the ferromagnetic regime 
A < -1. 

When A > —1, the plot of energy versus B (figEJ 
exhibits that there are three critical points. When B < 
-(3A -I- \/8 + A2)/4, the ground state |ttr) with energy 
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FIG. 2: Ground state energy versus B that indicates the 
critical point where level crossing occurs. 



35/2 + A/2 is obviously not entangled. In the region 
VS + A2)/4 < B < 0, the ground state whose 



-(3A 

energy takes {2B — A — v8 + A^)/4 becomes 

ITO)+U^)), 



1 ^A-V8TA2 



Ni' 2V2 
where Ni denotes the normalization factor 
.A 



(16) 
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The norm of concurrence vector of state H1B|I is obtained 
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(17) 



When A = 0, the entanglement reaches maximum 1. 
Furthermore, when < B < (3 A + y/8 + A2)/4, the 
ground state with energy (— 2i?— A— v8 + A2)/4 is given 
by 



A + V8 + A2 
2V2 



IT^)+U0), 



(18) 



where N2 is normalization factor. The norm of concur- 
rence vector is the same as Eq. (|17|l . Once B > (3 A + 
VS + A2)/4, the ground state with energy -3B/2 + A/2 
becomes ||-IJ.) which is no more entangled. As a result, 
there are three critical points B ~ Q, — (3A + V8 + A^)/4 
and +(3 A + V8 + A2)/4 in the regime A > -1. The 
norm of concurrence vector as a function of the magnetic 
field B and anisotropy parameter A is plotted in FigOl 
Clearly, when A approaches —1, the width of the peak 
of the entanglement curve approaches zero. 




FIG. 3: The norm of concurrence vector versus the magnetic 
field and anisotropic parameter. 
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FIG. 4: Negativity versus A for the equilibrium state at 
zero temperature (red) and for the average of general mixture 
(black) of ground states 



where the trace norm is defined by \\A\\i = tr\J A and 
Ta refers to the partial transposition of A. The negativity 
vanishes for unentangled states. 

Hereafter we discuss the mixture of ground state in the 
absence of magnetic field. In the ferromagnetic regime, 
A < — 1, a general mixed state is given by 



V. THE GROUND STATE MIXTURES 

It is interesting to discuss the entanglement feature of 
a mixtures of the degenerate ground states of the same 
model. The negativity introduced by G. Vidal et al is 
known to be a useful measurement for the entanglement 
of mixed states namely, 

AA(P) - (19) 



p=p\ m{ii^\ + ii-p)\n){ni m 

Because the convexity of the norm of concurrence vector, 
one can obtain 

Cip) <J2P^C{P^)■ (21) 
i 

Clearly, both the concurrence and negativity of the state 
described by (|20|) are zero. 



5 



In the antiferromagnetic regime A > — 1. The density 
matrix for a general mixture of ground state is given by 

p = p|Vi)(V'i|+(l-p)IV'2)(V'2|, (22) 

where | ^pl ) and | 'ip2 ) were given in Eq. , its negativ- 
ity is obtained after some algebra, 

AA(p) = ^^^-J + /b) + /(l-p) (23) 
where 

/ 16 - 32p + (20 + A2 - AV8 + A^)p^ 

^^P^ ^ V WT^) 

At the critical point A = — 1, the density matrix for 
mixture of ground states becomes 

p = Pi\m{ii^\+P2\n){n\+P3\c^i){ci^i\ 

+ {1-P1-P2-P3)\C^2){<I>2\ ■ (24) 

where | 0i ) and | 02 ) were given in Eq. (|14|l . The nega- 
tivity for the mixture of equilibrium at zero temperature 
{pj = 1/4) is 0.031, and its average value is 0.077. 

The negativity versus the anisotropy parameter A is 
plotted in Fig^ One can see from the plot that there 
is a singularity at A = — 1 where the quantum phase 
transition (ferromagnetic to antiferromagnetic) occurs. 
Whereas, when A increases from —1, the negativity rises 
at first then descends after reaching a maximal value. Fi- 
nally it approaches to zero when A goes to infinity. The 
state with p — 1/2 is particularly interesting because it 
can be regarded as the thermal equilibrium at zero tem- 
perature. Note that the negativity of equilibrium state 
at zero temperature reaches 1/3 at A = 1 where the sys- 
tem recovers its largest symmetry (isotropic Heisenberg 
coupling). Similar features have been noticed in some 
other models [Hill 



VI. SUMMARY AND DISCUSSION 

We have studied the entanglement feature of the 
ground state for system of spin 1 and 1/2. We have 
shown that the concurrence vector is consistent with the 
measurement of von Neumann entropy for such system. 
Because its ground state is degenerate in cases, the simple 
calculation of norm of concurrence for a state is no more 
applicable. We therefore proposed a concept, average 
concurrence, to measure the entanglement of Hilbert sub- 
space. Based on this definition, we discussed the entan- 
glement of the superposition of the degenerated ground 
states. We obtained the relations between the average 
concurrence and the anisotropy parameter. We also stud- 
ied the model by taking account of external magnetic 
field. The relation between the norm of concurrence and 
the magnetic field and the anisotropy parameters are cal- 
culated. We found that the state is not entangled when 
anisotropy factor A < — 1. When A > — 1, the concur- 
rence varies with respect to the anisotropy factor A. We 
also studied the entanglement of a general mixture of the 
degenerate ground state by employing the widely used 
negativity. 

Our results indicate that the averages of both concur- 
rence and negativity have singularities at the quantum 
critical point A = — 1. The negativity for the equilibrium 
at zero temperature reaches the maximal value at A = 1 
where the model possesses the largest symmetry. How- 
ever, both the negativity averaged over the general mix- 
ture and the norm of concurrence vector averaged over 
the general superposition of the degenerate ground states 
do not reach maximum at A = 1. The average concur- 
rence takes the largest value 0.785 in the ferromagnetic 
regime A < — 1 and in the limit of antiferromagnetic 
Ising dominant regime A — > oo. 

This work is supported by NSFC No. 10225419 and 
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knowledged. 
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